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The masses of baryons and heavy quark baryons are studied analytically in an expansion in 1/Nc, SU{3) flavor 
symmetry breaking, and heavy-quark symmetry breaking. The measured baryon masses are in striking agreement 
with the 1/Nc hierarchy. 



1. INTRODUCTION 

Large-A'^c spin-flavor symmetry has proven to 
be a useful symmetry for studying the properties 
of baryons in QCD j^]. Baryon observables can 
be analyzed in an expansion involving a complete 
operator basis with each operator transforming 
according to a definite representation under the 
unbroken spin (8) flavor subgroup and suppressed 
by a definite power of l/Nc- From the l/N^ ex- 
pansion, it is possible to determine the symme- 
try structure of l/N^. corrections which account 
for deviations from the large- iVc spin- flavor limit. 
By including additional parameters to account 
for explicit flavor symmetry breaking, one obtains 
a combined operator expansion in 1/Nc and fla- 
vor symmetry breaking. The symmetry relations 
which occur when one neglects individual opera- 
tors in the combined 1/Nc and flavor-symmetry 
breaking expansion are predicted to hold at a def- 
inite order in l/N^. and SU{3) flavor symmetry 
breaking. The hierarchy of symmetry relations 
predicted by this procedure results in a nontrivial 
pattern for baryons in QCD since 1 /Nc = 1/3 and 
the 5/7(3) flavor symmetry breaking e = ms/A^ 
are comparable in magnitude, so the pattern of 
relations is not dominated by either 1/Nc or e, 
and neither parameter can be neglected relative 
to the other. 

The hierarchy of baryon mass relations pre- 
dicted by the combined expansion in 1 /Nc and fla- 
vor symmetry breaking has been obtained for the 
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lowest- lying baryon spin- flavor multiplet, which 
is the 56 of SU{6) for A^c = 3 colors and Nf = 3 
light quark flavors. This spin-flavor multiplet 
contains the spin-1/2 octet and spin-3/2 decu- 
plet baryon spin (g) flavor representations. The 
mass hierarchy predicted for these ground-state 
baryons is particularly predictive since the expan- 
sion extends to relative order 1/Nc the 1/Nc 
expansion and to third order in SU{S) flavor sym- 
metry breaking. The mass spectrum of the spin- 
1/2 octet and the spin-3/2 decuplet baryons is in 
striking accord with the 1/Nc hierarchy. Suppres- 
sion factors of 1/A"c = 1/3 are clearly evident in 
the data, which provides the strongest single piece 
of evidence for the relevance of the 1/A'c expan- 
sion for QCD baryons where 1/A'c = 1/3. Even 
more importantly, the 1/A^c expansion resolves 
the long-standing puzzle of why certain famous 
mass relations of the spin-1/2 octet and spin-3/2 
decuplet baryons, such as the Gell-Mann-Okubo 
formula, Gell-Mann's Equal Spacing Rule, the 
Okubo formula and the Coleman-Glashow rela- 
tion, work so extraordinarily well, which is to say, 
better than one would have expected based on fla- 
vor symmetry breaking suppression factors alone. 
The point is that the operators in the baryon 
mass expansion which are highly suppressed in 
SU (3) flavor symmetry breaking parameters also 
are suppressed by powers of 1/A^c, so that, gener- 
ically, mass relations which are highly suppressed 
in flavor are highly suppressed in 1/A'c as well. 

This proceedings provides a brief description 
of progress that has been made in understanding 



2 



the mass spectrum of QCD baryons in an analytic 
expansion in 1/Nc and flavor symmetry breaking. 
A brief description of the 1/Nc operator expan- 
sion for baryons is provided, with the example of 
the operator expansion for the 7 = masses of 
the ground state baryons presented in detail. Ev- 
idence of the 1/Nc mass hierarchy of the baryon 
octet and decuplet is obvious for the / = baryon 
mass combinations, and recent experimental evi- 
dence supporting the predicted 1/Nc hierarchy in 
the 1=1 sector is noted for the isospin-breaking 
Coleman- Glashow mass splitting. Finally, the ex- 
tension of the 1 /Nc expansion to baryons contain- 
ing a single heavy quark in Heavy Quark Effective 
Theory (HQET) is summarized briefly, and then 
applied to the charm and bottom baryon mass 
spectra. Using the 1/Nc expansion, a prediction 
was made for the mass valid to a precision of 
a couple MeV, which has recently been confirmed 
experimentally. 

2. l/Nc EXPANSION 

A contracted SU{2Nf ) spin-flavor algebra for 
baryons arises in the large- A^c limit. For the sim- 
plest case of Nf ~ 2 light quark flavors, the spin- 
flavor generators are given by baryon spin J*, 
isospin 7° and commuting generators X*". The 
contracted large- A^c spin-flavor algebra is given by 

^^m^^jfcj = 0, 

[J\X^"] =ie*J'''X'=", [r,X'''] ^ie^'^^X''^, (1) 

where the commuting generators X'" are ob- 
tained by rescaling the axial vector baryon cur- 
rents A^"-, which grow as 0{Nc), by 1/A'c and 
taking the large-A^c limit, which yields a finite 
well-defined result: 



When working at finite A^c) it is useful to work 
with the operator 

ff«=(^gt^^^ (3) 

of the large- A^c quark model, and to use the un- 
contracted SU{2Nf) algebra of the quark model. 



In this case, G'^°'/Nc has finite baryon matrix el- 
ements equal to X"* in the large- A^c limit. 

The 1/Ac expansion of an arbitrary QCD 1- 
body operator is given by 

qrq= Nc J2 — c„(^-j 0„, (4) 

where 0„ is an n-body quark operator which 
equals an n*'' order polynomial in the spin-flavor 
generators J% T", G*", and the operator coefii- 
cients Cn{l/Nc) = O {1) + ■ ■ ■ are unknown, but 
have a. 1/Nc expansion beginning at order unity. 
The baryon matrix elements of the operators 0„ 
are known, since the baryon matrix elements of 
the spin and flavor generators are known, as are 
the matrix elements of (Only the leading 

0(1) matrix elements of the spin- flavor genera- 
tors X"'- arc determined; the matrix elements of 
the spin-flavor generators at subleading orders are 
not, but any reasonable choice will do. The large- 
Nc quark model generator G*" or the Skyrme 
model collective coordinate X^ are two possi- 
ble choices.) The complete set of independent 
n-body operator products are classifled. There 
is a single 0-body operator 1. The independent 
1-body operators are the SU{6) spin-flavor gen- 
erators J% T°- and G'", and n-body operators are 
products of these 1-body operators. Since not all 
n-body operator products arc independent, oper- 
ator identities are needed to reduce the operator 
products to an independent set. The complete set 
of operator identities is known. 

3. BARYON MASS HIERARCHY 

The baryon mass operator transforms as a spin 
singlet. SU{3) flavor symmetry breaking propor- 
tional to the parameter e transforms as the eighth 
component of an SU{3) octet, so the baryon mass 
operator expansion also contains SU{3) flavor- 
symmetry breaking operators which extend to 
third order in SU{3) breaking and transform as 
the 8, 27 and 64 representations of SU{3). The 
baryon 7 = masses can be organized according 
to their SU{3) representation, 

M = M^ + M^+ M^'^ + M"^ , (5) 
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with 1/Nc operator expansions 
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where each operator in the l/N^ expansion is 
understood to be accompanied by a coefficient, 
which has been suppressed in Eq. (||) for sim- 
pHcity. The above operator expansion consists 
of eight independent operators corresponding to 
the eight / = baryon masses N, A, S, S, A, E*, 
E* and 17. Each mass operator occurs at a defi- 
nite order in 1/Nc and e and corresponds to one 
specific mass sphtting, so the combined expan- 
sion in 1/-/Vc and e predicts a hierarchy of J = 
masses 0. A similar analysis can be performed 
for the 1 = 1 and 1 = 2 mass splittings of the 
octet and decuplet baryons. The analysis intro- 
duces two new parameters e' and e" which are 
1=1 and 1 = 2 flavor symmetry breaking pa- 
rameters, respectively. The two parameters are 
expected to be similar in magnitude. 

Figure 1 plots sixteen independent mass split- 
tings of the spin-1/2 octet and the spin-3/2 de- 
cuplet. The plot shows, relative to the leading 
0{Nc) baryon mass, / = mass splittings of or- 
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der j^, and j^; 1=1 mass 

c c c c c c 

splittings of order iv^, j^, i^or^, -1^, 
2 mass splittings of order 



and j^; and / 



and respectively. 



The first seven points in Figure 1, the / = 
mass splittings, are in striking agreement with 
the hierarchy predicted by the 1/Nc and e ex- 
pansions. The singlet mass splitting of relative 
order l/N^ is comparable in magnitude to the 
octet mass splitting of relative order e/Nc- The 
three flavor-octet mass splittings proportional to 
one power of e are in accord with the predicted 
1/Nc hierarchy of l/N^, l/Nj, and l/N^. If one 
did not know about the 1 /Nc expansion and arbi- 
trarily looked at three different flavor-octet mass 
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Mass Combinations 



Figure 1. Hierarchy of mass splittings for the 
lowest-lying baryon spin-flavor multiplet consist- 
ing of the spin-i octet and the spin-| decuplet. 
The experimental accuracy of the mass combina- 
tions are plotted with 2.5 cr error bars. 



splittings, they would generically all contain some 
portion of the mass combination and there- 
fore be of this relative magnitude. Only when 
examining the linear combinations picked out by 
the 1/Nc expansion does the 1/Nc hierarchy be- 
come apparent. The two flavor- 2 7 mass splittings 
are proportional to two powers of e, and occur at 
relative orders l/N^ and in the 1/Nc ex- 

pansion. These two flavor-27 mass splittings of 
the 1 /Nc expansion are linear combinations of the 
Gell-Mann-Okubo flavor-27 mass splitting of the 
spin-1/2 baryon octet 
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(2iV - E - 3A + 2S) 



(7) 



and the flavor-27 Equal Spacing Rule mass split- 
ting of the spin-3/2 baryon decuplet 



i (4A - 5E* - 2S* + 3f7) 



(8) 
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Since these two famous mass splittings are lin- 
ear combinations of the two \/Nc mass splittings, 
they are both suppressed by a factor of l/N^ in 
addition to the flavor suppression factor e^. Thus, 
the \/Nc expansion predicts that these flavor-27 
mass splittings are about an order of magnitude 
smaller than expected from an analysis of flavor- 
symmetry breaking alone. The single flavor-64 
mass splitting 

1 (A _ 3S* + 3S* - (9) 

is third order in SU{i) flavor symmetry breaking 
and relative order in the \/Nc expan- 

sion. The experimental data clearly show that 
the mass splitting is suppressed by a greater fac- 
tor than expected from flavor-symmetry breaking 
alone, and the observed suppression is consistent 
with the \/Nc hierarchy. A better measurement 
of this splitting would reduce the experimental er- 
ror bar and test the prediction of the 1/Nc 
expansion. 

There also is clear evidence for the 1/Nc hierar- 
chy in the 1 = 1 mass splittings ||J^. A new, very 
precise, measurement of S° = 1314.82 ± 0.06 ± 
0.2 MeV Q significantly reduces the errors on the 
/ = 1 mass combinations plotted in Fig. 1. For 
the first time, the Coleman- Glashow mass split- 
ting 

[(p_„)_(E+_S-) + (sO-S-)] (10) 

is measured to be non-zero, though only at the \a 
level. The Coleman-Glashow mass combination, 
the eleventh point in Fig. 1, is predicted to be of 
relative order , or suppressed by a factor of 
relative to the leading 1=1 mass splittings, the 
eighth and ninth points, which are of relative or- 
der j^. A similar suppression factor is predicted 
and observed for the 1=1 mass splitting that is 
plotted as the tenth point in Fig. 1. The leading 
1 = 2 mass splitting, point fourteen, is also in line 
with the prediction of the 1/A^c expansion. Re- 
maining points have large error bars. Improved 
measurements of a number of isospin mass split- 
tings, particularly of the A baryons, would reduce 
these errors and provide a further test of the 1/A^c 
hierarchy. 



4. HEAVY QUARK BARYONS 

Large-TVc baryons containing a single heavy 
quark respect a large- A^c SU{6)e x SU{'i)h spin- 
flavor symmetry |^] with light-quark generators 
Jj;, r° and G^" and heavy-quark generators 

Ik - Q^yQ, (11) 

rr'-r" 

Light-quark spin-flavor symmetry is valid in the 
Nc — > oo limit, whereas the heavy-quark spin- 
flavor symmetry is valid in the large- A'c limit and 
the heavy-quark limit of HQET. 

The 1 /Nc operator expansion for a baryon with 
Qqq flavor quantum numbers involves operator 
products which are at most 1-body in the heavy- 
quark generators and at most 2-body in the light- 
quark generators. Light-quark generators are ac- 
companied by a factor 1/A^c, and heavy-quark 
generators are accompanied by a factor of 1/Nc 
and A/toq since the heavy-quark spin- flavor gen- 
erators separately violate large-A^c heavy-quark 
spin-flavor symmetry and heavy-quark spin-flavor 
symmetry of HQET. Heavy-quark flavor symme- 
try breaking for the Q = c and Q = b baryons 
enters through the generators 

ifi ~ 2 (-^charm — A^bottom) , 

whereas light-quark SU (3) flavor symmetry 
breaking enters through light-quark generators 
which transform as the eighth or third component 
of an SU{'i) octet. The 1/Nc mass hierarchy can 
be analyzed separately for charm- and bottom- 
quark baryons using only heavy-quark spin sym- 
metry, or together using heavy-quark spin-flavor 
symmetry. The joint expansion leads to relations 
between Q = b and Q = c mass splittings such as 

i (Sfe + 2S,*) - Ab = i (Sc + 2S:) - A, . (12) 

Heavy quark baryons and baryons containing no 
heavy quarks also can be analyzed in a joint ex- 
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pansion which involves the heavy-quark number 
operator 

Nh - Q^Q - A^charm + iVbottom • (13) 

This analysis leads to relations between heavy- 
quark baryon mass splittings and mass splittings 
of the spin-1/2 octet and the spin-3/2 decuplet, 
such as 

i(SQ + 2S^)-AQ = ^(A-iV) . (14) 

The 1/Nc expansion for heavy-quark baryon 
masses successfully predicted the mass: the 
predicted value of ^ 2580.8 ± 2.1 MeV § is 
in excellent agreement with the subsequent mea- 
sured value of '"'^ = 2576.5 ± 2.3 MeV. With 
this measurement, all of the lowest-lying charm 
baryon masses are measured except for fi*. The 
f2* mass can be determined in terms of the other 
measured charm baryon masses using the mass 
relation 

\ m - Sc) - 2 (s: - s^) + {n: - n,)] , (15) 

which is predicted to hold at the sub-MeV level 
using the 1/Nc expansion, and therefore is ex- 
tremely accurate and can be taken to be exact 
for most purposes. Presently, the extraction of 
the f2* mass using this mass relation is dom- 
inated by experimental uncertainties in the 
mass, whose PDG value of Vic = 2704 ± 4 MeV is 
2.5(7 away from the new CLEO measurement of 
= 2694.6 ± 3.5 MeV. These two experimen- 
tal values yield central values for the of 2768 
and 2777 MeV, respectively. Finally, all of the 
Q — b baryons (given the measured Ah mass) can 
be predicted from the charm baryon masses to a 
precision of about 10 MeV, which is set by the 
accuracy of the worst Q — c and Q = b mass re- 
lation. Observation of some of the Q = b baryons 
will allow a determination of the remaining unob- 
served Q = b baryon masses to greater precision. 

5. CONCLUSIONS 

The 1/Nc expansion of QCD has provided an 
understanding of the mass spectrum of the spin- 
1/2 octet and spin-3/2 decuplet baryons. The 
mass hierarchy of baryons is well-described by an 



expansion in 1/Nc about the large- iVc spin-flavor 
limit and an expansion in SU (3) flavor symme- 
try breaking about the SU (3) flavor symmetry 
Hmit. 1/A^c suppression factors are necessary to 
understand the relative magnitudes of the vari- 
ous baryon mass splittings of the baryon octet 
and decuplet. In the case of baryons contain- 
ing a single heavy quark in HQET, there is an 
additional expansion parameter A/toq which de- 
scribes corrections to the heavy-quark spin-flavor 
symmetry limit. The hierarchy of heavy-quark 
baryon masses predicted from the violation of 
large- A'c light- and heavy-quark spin-flavor sym- 
metries is sufficiently restrictive that it can be 
used to predict heavy-quark baryon masses at 
a level which is interesting experimentally. The 
combined 1 /Nc and flavor-symmetry breaking ex- 
pansions successfully predicted the mass to an 
accuracy of several MeV. Additional predictions 
for charm and bottom baryon masses can and will 
be tested in the future. 
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